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ROUTINE WORK IN MATHEMATICS 

In the announcement of courses in mathematics, prepared by 
the Mathematical Department of Cornell University, we find the 
following statement : 

Of the preparatory work in mathematics two things are especially 
demanded. 

i. That it shall have developed in the student a certain degree of mathe- 
matical maturity, and familiarized him with the subject-matter and methods 
of mathematical work. 

2. That it shall have furnished him with those specific facts, an accurate 
and ready knowledge of which is indispensable in the further prosecution of 
professional study. 

It seems to be the concensus of opinion among the majority 
of teachers of freshman mathematics in college or university, 
that in the case of a large number of students that enter college, 
these demands are not fulfilled. The same is in all probability 
true also of those students who do not go beyond the high 
school. Undoubtedly a number of causes combine to bring 
about this state of affairs. Of these, three deserve special men- 
tion. First, the subject of mathematics is still, in too many 
instances, taught by teachers who have not had sufficient special 
training in the subject. Secondly, the mathematical curriculum 
is not yet sufficiently systematized {from the kindergarten to 
college) ; for example, too much time is spent on arithmetic, 
while geometry and algebra are deferred too long. Thirdly, in 
most text-books on mathematics, as well as in the teaching, the 
emphasis is not placed where it should be. It is this third point 
that I wish to discuss, although it is connected with the first two. 
This fact, that the emphasis is not properly placed, causes much 
of the routine work which characterizes so much of the mathe- 
matical teaching of the day, even far beyond the high school. 

Routine work manifests itself chiefly in two ways. First, in 
the attempt to build up the subject of mathematics from the 
beginning as a beautiful logical edifice, where each theorem shall 
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have its definite fixed niche from which it cannot be moved. 
There comes a time in the mathematical development of the stu- 
dent when this absolutely scientific and logical method should 
receive an emphasis. But if we do this at too early a day, the 
result is very likely to be that we shall obtain only purely formal 
and routine work from the student. In the second instance, 
outine work reveals itself in a false appreciation and use of the 
formulae of mathematics. These two phases by no means 
exhaust the subject, which is too large to be exhaustively treated 
in a paper of this extent ; I will, however, confine myself chiefly 
to them. 

Let us see how the first of them works out in teaching 
geometry. It has been my experience, which I have had amply 
corroborated, that in teaching geometry we proceed very much 
as follows. 

The book begins by giving several pages of definitions, and 
we religiously wade through the entire set without any regard 
as to whether we are going to need them five or forty-five pages 
later. We conscientiously see to it that our students apparently 
understand these definitions, and we then go on to take up a set 
of theorems on straight lines, pass on to parallel lines, triangles, 
quadrilaterals and so on through the first book. We insist upon 
it that the student understands his proofs, and every step in each 
proof. We use every precaution that he shall not memorize, 
and even work many of the originals, and when we are through 
we flatter ourselves that our students know at least this much 
geometry. Then we go on to the next book and so on through 
plane geometry. Finally comes the examination and the usual 
per cent, of students pass in the course. They are now labeled 
as knowing their plane geometry. But how long does this 
knowledge stick ? A few months pass and a large number of 
those, who received their credit in geometry, seem to have for- 
gotten the greater part of all they ever knew of the subject. A 
brief examination of the manner in which many students who 
have studied geometry attack a theorem, will, I believe, throw 
light on their attitude toward the subject and reveal to us one 
weakness in the ordinary method of presentation. Given then 
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a theorem, whose proof was once known, and in all probability 
the student will at first make an effort to recall to his mind the 
proof in the form in which he once studied it. If he does not 
succeed in this, he may go on and make an attempt to recall 
some other theorem that seems related to the given theorem, by 
means of which he may be able to obtain the desired proof, and 
in case he fails here, he will " give it up." This attitude of mind 
reveals very clearly that the student never had much more than 
a mere routine knowledge of geometry. He has not gained the 
analytical power he should. He has very frequently not learned 
first to analyze the theorem and to find out what is given and 
everything that is given. And even if he has done this he has 
not learned to analyze the statement to be proved, that is to say, 
he has not learned to recognize upon what simple truths the con- 
clusion hinges. For example, in a theorem on proportion, the 
thing to be proved may depend directly upon the equality of 
certain two lines in the figure. The student should be able to 
recognize such a fact as this and then should know how to go to 
work to prove two lines equal. 

There has been a movement in late years to obtain the above 
results by the heuristic method of teaching geometry, that is to 
say, by the method of having the student work out his own 
proofs with the aid of the teacher, where necessary. Undoubt- 
edly this method has its value, especially where the conditions 
are favorable for its application, but if the ordinary text-books 
written along this line are used, it seems as if we should have 
nearly as much routine work as we now have. I base my state- 
ment on the fact that in almost all the texts which I have exam- 
ined, the individual theorem is the unit; that is to say, each 
theorem is supposed to be studied with reference to its position 
in the logical chain. It has its definite place from which it must 
not be removed without danger of destroying the whole logical 
sequence. This I cannot consider the chief end and aim of 
elementary geometry, and I am perfectly aware that by many, 
such a statement will be considered rank heresy. It seems to 
me rather that the prime object of elementary geometry should 
be to teach certain well-defined broad geometrical principles. 
Here then is where the emphasis belongs. 
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Let me make my contention clearer by a single illustration. 
It is a well-known fact that in their ultimate analysis a very 
large number of theorems depend upon proving the equality of 
certain lines or angles. It is therefore of the greatest impor- 
tance to know how to prove lines or angles equal. The first 
general method is that of superposition, but its very nature pre- 
vents a widespread application. Of more general usefulness is 
the method by congruent triangles and on account of its utility 
this should be introduced as early as possible. Then give numer- 
ous applications of this, until the student is thoroughly con- 
versant with it. Later we will meet with other theorems by 
means of which we can prove the equality of lines and angles. 
These should in every case be emphasized and their usefulness 
be demonstrated by numerous examples. After having mastered 
a comparatively small number of such principles the student will 
have the power of himself proving an astonishingly large num- 
ber of the theorems that are in the ordinary books, and the com- 
paratively few theorems that do not fall under any of the leading 
principles would then not offer any serious difficulty. We shall 
indeed have mutilated that beautiful logical chain, whose links 
are the individual theorems. But this is of interest only to the 
more advanced student of pure mathematics. On the other 
hand, the student will have certain definite principles which he 
knows how to apply, and which will be of the greatest value to 
him in his future needs. We shall also have secured a greater 
economy of time and energy, and above all we shall have raised 
the subject above the dead level of routine work and shall have 
infused life and vitality into it. The student will see the why 
and wherefore of things, he will not be obliged to depend so 
much on his memory, but will work with a greater degree of 
intelligence and will begin to enter into the true spirit of geom- 
etry, instead of being swamped in its formalism. 

I have devoted so much space to the subject of elementary 
geometry, because it stands apart from those branches of 
mathematics into which symbols and formulae so largely enter. 
To the latter group belong the more elementary branches, 
algebra, trigonometry, and analytical geometry. I shall not 
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attempt to discuss these individually, but shall choose illustra- 
tions from one or the other, as may best suit my purposes. 

Probably every teacher of freshman mathematics in college 
or university has noticed a peculiar if not reckless use of sym- 
bols and formulae on the part of many of his new students. 
Such feats as writing [a + b) 2 = a 2 + b 2 are of frequent occur- 
rence. Then as the work progresses in algebra or trigonometry 
another fact soon stands out, namely, the tendency on the part 
of the student to reduce everything to a formula. He has recog- 
nized the fact that it is a simple matter to substitute in a formula, 
and hence in any given problem his first aim is to find a formula 
that will fit that particular problem and by means of which he 
can grind out his results like the organ-grinder grinds out his 
tunes. This tendency on the part of the student is undoubtedly 
encouraged by many of the text-books on algebra, trigonometry, 
etc. In these texts the formulae are developed and then stated 
in the form of a rule, which is followed by a set of examples on 
the application of the formula. In nearly all of the older works 
these examples are, to a considerable extent, simply exercises in 
substituting in the formula in question, and hence they are 
routine in character and of little value. Finally, the teacher 
very frequently fosters the tendency to purely formal work. It 
is such an easy matter to teach the student how to substitute in 
a formula, and even in the case of duller students results of a 
certain kind can be thus obtained, that a teacher will uncon- 
sciously fall into the habit of doing the work in this way. This 
is not in any way restricted to the work in the secondary school, 
as the following incident will show. Some years ago I happened 
into a class in analytical geometry while the final examination 
was in progress. The questions had been placed on the board, 
and on reading them I was astonished to note that every one of 
them could be solved by straightforward substitution in some 
formula. Not a single question among the lot was planned to 
reveal the students' actual knowledge of their subject, but each 
and all simply went to prove the students' power of remember- 
ing formulae and substituting in them. The teacher, without 
any doubt, was thoroughly conscientious, and felt well pleased 
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with the apparently good results he had obtained. This atti- 
tude, both of the teacher and the student, toward formulae is 
deplorable and will, to a considerable extent, thwart the aims of 
mathematical teaching. Many a promising student has thus 
been led into the swamp of extreme formalism and lost to math- 
ematics. 

What are mathematical symbols and formulae, and how can 
we secure all the benefits to be derived from their use, without 
running into the danger of doing work that is purely formal and 
routine ? These are questions upon whose correct answer very 
much depends. 

In the first place, the symbols and formulae of mathematics 
are not an end in themselves, but only a means to an end. This 
fact need not be further emphasized, for it is evident that, if 
we teach formulae as an ultimate end, then the students will 
naturally soon make use of them in a purely routine way. 

The symbols of mathematics are simply signs, chosen in a 
perfectly arbitrary manner, by means of which we are able to 
express in a short and concise way statements that would other- 
wise require a longer and more cumbersome expression. In 
other words they constitute a labor-saving device, which plays 
in mathematics a role similar to stenography in ordinary lan- 
guage. Each symbol stands for some quantity that is obtained 
in a certain definite manner, or it stands for some well-defined 
operation. Here then is where the emphasis should be placed, 
and the thing for which the symbol stands should be defined and 
understood before the symbol itself is given. We do this in pri- 
mary arithmetic, for we introduce actual numbers and have the 
children work with them before we give them the symbols that 
stand for the numbers, that is the numerals. This is the cor- 
rect method and it should be extended into the work in algebra. 
For example, in dealing with a product of like factors as a, a, 
a, a, it would be preferable, for a time at least, to use this longer 
expression, and later point out that we will gain both in brevity 
and in power if we replace this by the short symbol a*. In 
this way the content of the symbol, rather than the symbol 
itself, will become the prominent thing in the mind of the 
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student. At present this is not always the case, which is shown 
by the fact that so many students look upon a symbol as some- 
thing mysterious, something that should be labeled "handle 
with care." They are not always conscious that this is their 
mental attitude. Another fact that indicates the same thing is 
their inclination to assign to the symbol a priori existence. As 
an illustration, practically every beginner will think that the 
symbol a" has in itself some a priori meaning and that we can 
prove that it is equal to unity. They do not realize that as a 
symbol it has absolutely no meaning, until we assign such a 
meaning to it, and that we define a° = i simply and solely for the 
reason that, if we do so, all the laws that govern positive integral 
exponents will also hold in this case. Unless we carefully guard 
against it, the student will fall into bad habits of thought and 
will work in a purely routine and mechanical manner instead of 
with intelligence. 

All that has been said of symbols holds also in the case of 
formulae. Every formula is only a symbolic expression of some 
theorem, which can just as well be expressed in the vernacular. 
Both formulae and symbols possess, in addition to their brevity, 
the advantage of constituting a universal language, that is, by 
means of them we are able to express mathematical facts in a 
form that can be understood by mathematicians the world over. 
But formulae serve another purpose aside from those mentioned, 
They are, namely, a powerful tool for obtaining results. This 
side has always received an emphasis, perhaps indeed an over- 
emphasis. We are anxious to get at the application of the for- 
mula, to show what can be done with it, and therefore do not 
spend sufficient time upon the fundamental truths embodied in 
the formula. We are satisfied to prove the formula in a purely 
formal way and then rush on to applications. The result is, that 
in the student's mind the formula stands out in a strong light 
and not the truth it embodies. Take, for example, the very 
simple formula, {a + b) 2 = a 2 + 2 ad -+■ b 2 . We prove it by 
direct formal multiplication, give some examples and let it go at 
that. Hence it happens that even very good students quite fre- 
quently make mistakes in using it. They think of the particular 
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formula, rather than of the general truth. If, in this particular 
instance, we should start in a different way we could bring out 
the general truth first. The student knows that the letters of 
algebra stand for any magnitudes. Without at all referring to 
the formula, we might begin by constructing the square on the 
the sum of two lines and show that it breaks up into the sum of 
two squares and two rectangles. Here then is a fact which the 
student readily grasps. Then proceed to see how this truth may 
be expressed in algebraic language. This gives us our formula, 
and now as a last step we give the formal proof of the formula 
so that we know it will hold in general for any quantities and 
not merely for lines. By proceeding in some such way as this, 
we shall reduce to a minimum the danger of purely formal and 
routine work. It is not within the limits of this discussion to 
go through the whole of algebra in this way. We can, however, 
do this and thus present the subject in such a way that it shall 
contain a minimum of routine work. The result will be that the 
student will attack his problems with intelligence, instead of try- 
ing to work them like so many Chinese puzzles. He will begin 
to see more clearly what mathematics stand for and will derive a 
much greater benefit from his work, both as regards mental devel- 
opment and as regards the accumulation of mathematical facts. 
There is one subject that at first sight seems to have little 
to do with the matter under discussion, but which is of some 
importance in this connection. I refer to the correlation of the 
different branches of mathematics. Not one of them stands 
apart and by itself but they are all to a greater or less extent 
related. Thus we have it in our power to illustrate geometrically 
nearly all the facts of algebra. If this were done and the dual- 
ism brought out, we should have very much less routine work 
than we have at present. The value of geometrical illustrations 
in all non-geometric mathematical work cannot be overestimated. 
I believe, therefore, that the geometric training of the child can- 
not begin too soon. Let me quote from the current Harvard 
catalogue : 

Geometric education should begin in the Kindergarten or primary school, 
where the child should acquire familiarity through the senses with simple geo- 
metric forms, by inspecting, drawing, modeling and measuring them, and 
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noting their more obvious relations. This study should be followed, in the 
grammar school, by systematic instruction in Concrete (or Observational) 
Geometry, of which geometric drawing should form a part. Such instruc- 
tion should include the main parts of Plane and Solid Geometry, treated as 
a matter of observation, and not as exercises in logical deductions, without, 
however, necessarily excluding the beginnings of deductive proof, as soon as 
the pupil is ready for them. Concrete Geometry is believed to have import- 
ant educational value, and to prepare an excellent foundation for the later 
study of Formal Geometry. 

If the subject were thus studied then we should not only 
secure less routine work in our formal geometry but would also 
be able to use it to a much greater extent in our algebraic work. 

I have not attempted in any way to exhaust my subjects 

within the limits of this short article. All I have had in mind 

has been to touch upon some of the phases of routine work in 

mathematics, and thus, if possible, to provoke discussion, study, 

and thought along this line. 

Henry L. Coar 
University of Illinois 



